The Micropolar fluid theory augments the laws of classical continuum mechanics by incorporating the rotational effects of fluid molecules on the continuum.
I. Introduction
The formulation of a general theory of fluid microcontinua is attributed to Eringen. 7, 8 The Micropolar fluid theory augments the laws of classical continuum mechanics by incorporating the rotational effects of fluid molecules on the continuum. 3, 5 The theory of Micropolar fluids has shown promise for predicting fluid behavior at microscale. 22 It is believed that Micropolar fluids can model anisotropic fluids, liquid crystals with rigid molecules, magnetic fluids, clouds with dust, muddy fluids, and some biological fluids. 8 Mathematically, it can be shown that the classical Navier-Stokes equations is just a subset of the Micropolar equations. 4 The Micropolar fluid model takes care of rotation of fluid particles by means of an independent kinematic vector called the gyration vector. Therefore, it is more challenging to numerically solve the Micropolar equations than the Navier-Stokes equations. We focus on vortex dominated flows described by the Micropolar equations in this paper and develop a spectral difference (SD) method solver for solving the Micropolar equations on moving and deformable grids.
The SD method is an efficient high-order approach by solving the strong form of the governing equations. The SD method combines elements from finite-volume and finite-difference techniques. It is able to achieve optimal order of accuracy for various compressible flows. [14] [15] [16] The method is particularly attractive because it is conservative, and has a simple formulation and easy to implement. The first papers of unstructured SD method 18, 29 were developed for wave equations and compressible Euler equations respectively. Recently, it has been further developed for solving 3D turbulent compressible flows. 2, 17, 20, 23 The SD method is a type of discontinuous high-order methods. It has similarities with the discontinuous Galerkin method 1 and the Spectral Volume method.
12, 19, 30
The inviscid part of the Micropolar equations is a set of hyperbolic partial differential equations. We have successfully developed a spectral difference method solver for the compressible Micropolar equations in Chen et al. 4 This paper is to extend the SD solver to deal with the compressible Micropolar equations on moving and deforming grids.
The remaining part of this paper is arranged as the following. Section II presents the Micropolar fluid formulations. Section III provides the numerical formulation of the SD method. In section IV, steady flow past a cylinder is studied. In section V, unsteady flow past an oscillating cylinder at Reynolds number 185 is reported. Section VI reports unsteady flow past a flapping wing placed in the downstream of an oscillating cylinder. Finally, concluding remarks are made in section VII.
II. Formulation of the 2D Micropolar equations
The 2D Micropolar equations have viscous terms dependent on not only conservative variables but also their gradients. To illustrate the treatment of viscous flow terms, one can write the Micropolar equations in fully-conservative form as
where S is a source term which can not be written into the spatial derivatives on the left hand side. The 2D Micropolar equations has one more dependent variable ρjω than the 2D Navier-Stokes equations. The vector of conservative variables and the Cartesian components of inviscid fluxes are written as
where p stands for pressure, E stands for the total energy, ω is the gyration and j is the micro-inertia.
The Cartesian components of viscous terms are written as
and
The vector of source terms is written as
It shall be mentioned here that the Reynolds number is defined as Re = ρU∞D µ+κ based on the cylinder diameter. An important parameter in our simulations is the coupling coefficient κ, which determines the significance of the spinning molecules.
III. Numerical Formulation of the SD method
The formulations of the equations employed in this paper are largely similar to the formulations of Liang et al 14 for unstructured quadrilateral grids. Consider the unsteady Micropolar equations on a fixed spatial domain in conservative form
where Q is the vector of conserved variables; F and G are the total fluxes including both inviscid and viscous flux vectors, i.e. ∇F I − ∇F V = ∂F ∂x + ∂G ∂y . To achieve an efficient implementation, all elements in the physical domain (x, y) are transformed into a standard square element (0 ≤ ξ ≤ 1 and 0 ≤ η ≤ 1 ).
The transformation can be written as:
where K is the number of points used to define the physical element, (x i , y i ) are the cartesian coordinates at those points, and M i (ξ, η) are the shape functions. For present implementation, we define K as 4 nodal points for a linear element and 8 nodal points for a quadratic element. The metrics and the Jacobian of the transformation can be computed for each element. The Jacobian matrix is expressed as:
The governing equations in the physical domain are then transferred into the computational domain, and the transformed equations take the following form:
whereQ = |J| · Q and F
In the standard element, two sets of points are defined, namely the solution points and the flux points, which are illustrated in figure 1 .
In order to construct a degree (N − 1) polynomial in each coordinate direction, solution at N points are required. The solution points in 1D are chosen to be the Gauss points defined by:
The flux points were chosen as Legendre-Gauss quadrature points plus the two end points 0 and 1, as suggested by Huynh 11 and Van den Abeele et al. 28 Choosing P −1 (ξ) = 0 and P 0 (ξ) = 1, we can determine the higher-degree Legendre polynomials as
The locations of these Legendre-Gauss quadrature points are the roots of equation P n (ξ) = 0. Using the solutions at N solution points, a degree (N − 1) polynomial can be built using the following Lagrange basis defined as:
Similarly, using the fluxes at (N + 1) flux points, a degree N polynomial can be built for the flux using a similar Lagrange basis defined as: The reconstructed solution for the conserved variables in the standard element is just the tensor products of the three one-dimensional polynomials,
Similarly, the reconstructed flux polynomials take the following form:
The reconstructed fluxes are only element-wise continuous, but discontinuous across cell interfaces. In our case, we have used the simple Rusanov solver 24 to compute the interface inviscid fluxes. An averaging approach 14 is employed for computing viscous fluxes at these interfaces. In summary, the algorithm to compute the inviscid flux derivatives consists of the following steps:
1. Given the conservative variables at the solution points, the conservative variables are computed at the flux points. The inviscid fluxes at the interior flux points can also be determined from the polynomials based on the solution points.
2. The inviscid fluxes at the element interfaces are computed using the Riemann solver. Given the normal direction of the interface n, and the averaged normal velocity component V n and the sound speed c, the inviscid flux on the interface can be determined.
3. The derivatives of the inviscid fluxes are computed at the solution points using the derivatives of Lagrange operators l ∂F ∂ξ
4. The convective term ∇F I (Q) can be readily determined after transforming these derivatives back the physical domain.
The procedures to get viscous fluxes can be described as the following steps:
1. reconstruct Q f at the flux points from the conservative variables at the solution points using equation (15) .
2. average the field of Q f on the element interfaces as
For interior flux points, Q f = Q f . Meanwhile, appropriate boundary conditions shall be applied for specific edge flux points.
3. evaluate ∇Q at solution points from Q f using equation (17) where
4. reconstruct ∇Q from solution points to flux points and using equation (15), average them on the element interfaces as
5. use Q f and ∇Q f in order to compute the viscous flux vectors described in equation (1) at the element interfaces.
III.A. Transform Micropolar equations from dynamic physical domain to the standard computational element
To consider the Micropolar equations in moving and deformable domain, one can treat x(ξ, η, τ ) and y(ξ, η, τ ) as functions of the standard computational element consisting of dimensions in ξ, η and τ . In our case, τ coincides with the physical dimension t. We can then transform the terms for ∇ · F as
and ∂G/∂y = ∂G/∂ξ · ξ y + ∂G/∂η · η y + ∂G/∂τ · τ y .
The new Jacobian matrix is expressed as:
After some derivations, we arrive at a new form in the computational domain
To guarantee temporal stability and accuracy of solving unsteady Micropolar equations on moving and deformable domains, we need to consider the discrete Geometric Conservation Law
After combining Eq. 21 and Eq. 23, we obtain a compact form to implement into our numerical solver
The motion of the grid is prescribed by means of a blended-function technique which is similar to Persson et al, 9 Ou et al 21 based on the cylinder diameter D and the inflow velocity U ∞ .
IV. Steady flow around a cylinder
In this section, we consider the case of steady flow around a cylinder. The inflow Reynolds number is set to 20 and Mach number is set to 0.2. For calculations of this case, the third-order SD method is employed. Fig. 3 presents the streamlines of the flow past a cylinder at Reynolds number of 20. It is clearly seen that the recirculation zone size from Micropolar solution is much larger than that from Navier-Stokes solution. The predicted drag coefficient by the Navier-Stokes equations is 2.06 and it is very close to the value of 2.1 measured by Tritton 27 and 2.045 computed by Dennis and Chang. 6 The drag coefficient predicted by the Micropolar equations with κ κ+µ = 0.5 is only 1.8 which is lower than the Navier-Stokes model. On the contrary, it shall be mentioned that Shu and Lee 25 predicted that the drag coefficient is higher for the Micropolar solution. We are further investigating this discrepancy. Fig. 4 (b) predicts slightly higher Ω than the Navier-Stokes model which is shown in Fig. 4 (a) .
V. Unsteady flow past an oscillating cylinder
In this section, we consider laminar flow past an oscillating cylinder at Reynolds number of 185. The inflow Mach number is again set to 0.2. We use identical parameters for the cylinder oscillation Y (t) = Acos(2πf o t) to the ones employed by Guilmineau and Queutey 10 including oscillating amplitude (A/D = 0.2) and excitation frequency (f o /f n = 1.1). The natural frequency f n is obtained from the vortex shedding past a fixed cylinder at the Reynolds number of 185. In our calculations for this case, the fourth-order SD method is employed.
We consider two cases, one is the compressible Navier-Stokes model and the other is the Micropolar fluid model with a relatively large coupling coefficient κ κ+µ = 0.647. It can be seen from Fig. 5 that the gyration effect is significant in the Micropolar model and its vorticity shedding exhibits very different pattern from that in the Navier-Stokes model. The gyration contour (see Fig. 5 (c) ) again resembles the vorticity contour very well. Figure 5 (d) presents the velocity streamlines at the same time instant of Fig. 5 (c) .
More surprising results are obtained for lift and drag coefficients. As shown in Fig. 6 , the vortex shedding in the Micropolar fluid model results in a synchronized effect on both lift and drag coefficients. The mean drag coefficient is also higher than that of the Navier-Stokes model. 
VI. Flow around a laminar flapping wing behind an oscillating cylinder
In this section, we consider laminar flow around a laminar flapping wing placed in the downstream of an oscillating cylinder. This is similar to a benchmark case of the 1st high-order international workshop in the AIAA Aerospace Science Meeting in 2012. In this paper, we study this case using the Micropolar fluid formulation. Fig. 7 shows the computational grid for flow around a laminar flapping wing placed in the downstream of an oscillating cylinder. The cylinder diameter is 0.5 and the airfoil chord length is 1. The inflow Reynolds number is set to 250 based on the cylinder diameter and Mach number is 0.2. We employ an unstructured grid with all quadrilateral cells as shown in Fig. 7 (a) . The mesh has 8240 cells in all. It employs 60 cells around the periphery of the cylinder and 60 cells along either top or bottom half surface of the airfoil. The inflow boundary is 50 diameter away from the cylinder center. The top and bottom boundaries are 80 diameters away from the cylinder center, where the inviscid wall boundary condition is adopted. The outflow flow boundary locates at 90 cylinder diameters downstream the cylinder center. A close view of the mesh is shown in Fig. 7 (b) . The mesh near the cylinder and airfoil is much finer than that in other regions.
A low coupling coefficient is set to 11 presents lift and drag coefficients for the cylinder and airfoil respectively. Two distinct frequencies exist in the lift coefficient profile of the cylinder as shown in Fig. 11 (a) . One frequency is the excitation frequency of the cylinder oscillation and the other stands for the vortex shedding frequency. There are two positive peaks (low peak and high peak) of the C l profile shown in Fig. 11 (c) . The low peaks co-exist the negative peaks of C d in Fig. 11 (d) . The high peaks of C l in Fig. 11 (c) occur at the same time as the high peaks of C d in Fig. 11 (d) .
At present, we are investigating the difference of flow patterns as well as lift and drag coefficients predicted by the Navier-Stokes and the Micropolar models.
VII. Concluding Remark and Future Work
A compressible Micropolar fluid flow solver is successfully developed using the Spectral Difference method on moving and deformable grids. It was applied to simulate steady flow past a cylinder, laminar flow past an oscillating cylinder, and laminar flow past a flapping wing placed in the downstream of an oscillating cylinder. We identified strong effect of micro-gyration on flow patterns as well as lift and drag coefficients for several selected cases of vortex dominated flows in comparison to the classical Navier-Stokes solutions. The gyration vector offers an alternative approach to quantifying the vortex dynamics. We are presently developing a parallel 3D Micropolar fluid solver for Large Eddy Simulation of turbulent flow.
